Formation of non-stoichiometric compounds is often thought to be a growth effect rather than a specific electronic instability. We demonstrate that degenerate gapped compounds with large internal gap and Fermi level in the conduction band can have spontaneous non-stoichiometry, even at low temperatures, due to decay of a fraction of the free electrons into the hole states formed by such vacancies. This unique material feature allows controllable non-stoichiometry to be used to archive target material stability and optoelectronic properties for transparent conductors and electrides. We highlight a class of materials representing an exception to the Daltonian view that compounds maintain integer stoichiometry at low temperatures and use this behavior to select ordered vacancy compounds (OVCs) striking a wanted compromise between carrier concentration, transparency, and phase stability, crucial for transparent conductors (TCs). We show that carriers in the conduction band (CB) of degenerate gapped BaNbO 3 , Ca 6 Al 7 O 16 , and Ag 3 Al 22 O 34 compounds can cause a self-regulating instability, whereby cation vacancies form exothermically because a fraction of the CB electrons decays into the hole states formed by such vacancies, and this electron-hole recombination offsets the positive energy associated with vacancy bond breaking. This Fermi level-induced spontaneous non-stoichiometry can lead to the formation of OVCs with different optoelectronic properties and stable in different ranges of chemical potentials. Thus, we demonstrate how a window of opportunity can be determined between opposing tendencies of transparency, conductivity, and stability to design TCs.
INTRODUCTION Spontaneous Non-stoichiometry as a Fermi Level Instability
The fact that compounds manifest integer ratios between component elements (the law of definite proportions 1 ) has been the cornerstone of our understanding of formal oxidation states (taking up integer values) and defect physics (showing that violation of integer ratios by formation of defects costs energy and is thus unlikely at low temperatures). This thinking of the Daltonides school (the paradigm of stoichiometry) stood in stark contrast with the non-stoichiometric Berthollides 2 school, who argued that compounds could possess a range of compositions entirely dependent on the starting synthetic conditions. We point out an interesting class of exceptions to the Daltonide universal understanding, whereby a degenerate but gapped compound with Fermi energy (E F ) inside the conduction band (CB) and a large internal band gap (E g int ) between the valence band maximum (VBM) and conduction band minimum (CBM) (as shown in Figure 1A ) could form a significant concentration of low-energy vacancies, violating the rule of integer stoichiometry.
This understanding has an important implication on transparent conductors (TCs), 3 those rare compounds in which the generally mutually exclusive properties of optical transparency (usually common only in electrical insulators) and conductivity (usually common only in opaque metals) coexist. This internal contradiction has been the reason why finding good TCs has proven to be so difficult. Figure 1B ) and then attempting heavy doping (by Sn or Al, respectively), making it conductive. This has faced severe ''doping bottlenecks,'' 4 whereby intended doping by electrons creates ''electron killers'' in the form of intrinsic acceptors. An alternative strategy 5 is to start from a metal ( Figure 1A ) and attempt to make it transparent, avoiding doping bottlenecks. The deeper understanding of spontaneous non-stoichiometry discussed here clarifies that the latter approach can present an unusual window of opportunity, whereby (1) transparency, (2) conductivity, and (3) phase stability can coexist and be selected by zooming in on specific growth conditions (chemical potentials). Specifically, a compound that has the Fermi level inside the CB (a nominal band conductor with free electrons) could become opaque because too many electrons create a strong plasma absorption in the visible range. But if this compound also has a sufficiently large internal band gap below the Fermi energy (i.e., being degenerate but gapped, Figure 1A ), it will create spontaneous defects (here, cation vacancies that are hole-producing acceptors) that, while violating Daltonian stoichiometry, also regulate the carrier concentration by compensating the native electrons via the spontaneously produced holes. It is the exothermic electron-hole compensation reaction that drives non-stoichiometry. Unlike the case of the limited formation of dilute vacancies in ordinary insulators ( Figure 1B) , if there is an internal gap ( Figure 1A) , then, at the concentrated limit, such vacancies can condense into ordered crystallographic arrays (Figures 2A and 2B Figure 2B ) versus cases in which, following vacancy ordering, further total energy relaxation yielded structural changes (reconstruction) that make it difficult to visualize the original vacancy ordering. These otherwise peculiar integer ratios emerge as stable, T = 0 K ground state structures obtained via a first-principles total energy search. It turns out that such cation vacancy compounds occur as a sequence of discrete phases, each with its own vacancy concentration (e.g., 7:8:24, 9:10:30, and 26:27:81, with 12.5%, 10%, and 3.7% of Ba vacancies, respectively) and each is stabilized at specific reactant chemical potentials (colored domains in Figure 2A ). Because of the discrete vacancy ratios, each phase, as illustrated below, has its characteristic residual (post-compensation) electron Figure 1A) . Here, the formation of dilute concentration of metal vacancies can create electron acceptor states near the valence band (at energy E DL ), resulting in the opportunity for decay of q CB electrons into these electron acceptor states, thereby regaining the energy q(E g int + DE CB À E DL ), which reduces the vacancy formation energy accordingly (see Figure 1A ). Figure 3F ).
Dilute Vacancies Can Condense into Stable OVCs Forming Homological Sequences
The negative formation energies of dilute vacancies open the possibility of vacancy condensation and long-range ordering ( Figure 2B ). To examine this possibility, we have calculated the T = 0 K stable phases (''ground state diagram'' or ''convex Available information on the experimental literature [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] is provided in Figure 4 , and the theoretical results of this work are summarized in Figure 5 . The key point to notice is that there is a sequence of stable OVC phases, each having a specific concentration of electrons per formula unit (e/f.u.) in the CB (including possibly zero). This is illustrated in Figures Characterization techniques are labeled as powder X-ray diffraction (pXRD), single crystal X-ray diffraction (SC-XRD), energy-dispersive X-ray spectroscopy (EDS), and transmission electron microscopy (TEM). If the structure does not have a clearly defined vacancy site, it is labeled as reconstructed. Room temperature (RT) properties stand for the metallic or semiconductor nature of the compound based on the reported temperature dependence of the electronic conductivity. The synthesis field highlights key conditions for experimental realization of the specific material.
and 7B) demonstrating the phases that are stabilized as the chemical potentials of the atoms being removed are continuously changed between their allowed values. Finally, we show how a window of opportunity can be determined computationally between opposing tendencies of (1) (Figure 4) , there has been a focused effort to quantify the occupancy of the A site via diffraction, and authors have noted that there are possible vacancies, as ''.slight departures of the stoichiometry below the detection limits of the neutron powder diffraction technique cannot be Figures  6B-6D ). The electronic properties of Ba-Nb-O systems were studied experimentally by various groups (Figure 4) . Specifically, it has been shown that the 1:1:3 compound is a metal, 18 whereas the 1:2:6 and 5:4:15 OVCs are insulators. 26, 27, 33, 34 At the same time, despite a few experimental works reporting low resistivity for the 3:5:15 compound, the temperature dependence of the resistivity (metal versus semiconductor nature) is different for different studies. [19] [20] [21] [22] 25 These results are not surprising considering the tiny range of chemical potentials under which the 3:5:15 OVC exists (Figure 2A ), low defect formation energy in degenerate gapped compounds, and Figure  3D , the OVCs were not included in the calculations of the stability green zone of complexity of material synthesis. In our own work on 3:5:15 OVC, we see the preferential formation of the secondary reconstructed 1:2:6 and 5:4:15 OVCs over the targeted compound (Note S2). This reflects the narrow stability region of the 3:5:15 phase versus the reconstructed OVCs. Hence, the sensitivity of sample preparation conditions reignites the need for high-quality single crystals to quantify potential vacancy concentration and to understand the potential structural/electronic impact of vacancy formation.
For the Ca-Al-O system ( Figure 5 ), from the analysis of electronic structures of the ground state compounds, we identify the phases 6:7:16 and 23:28:64 as degenerate gapped compounds with 1e/f.u. and 2e/f.u. in the CB, respectively. At the same time, the 11:14:32 OVC has no CB electrons, i.e., it is an insulator with a wide band gap. The results for electronic structures of OVCs suggest that Ca vacancy in 6:7:16-based degenerate gapped compounds acts as acceptor removing 2e from the CB. However, in contrast to the OVCs in the Ba-Nb-O system, the formation of Ca vacancy produces in-gap occupied defect states that reduce both the internal band gap energy and the energy range of occupied states ( Figure 7C ). The high electronic conductivity of 6:7:16 is known from experimental studies (Figure 4) , 28, 29 but the insulating and conducting properties of 11:14:32 and 23:28:64 OVCs are yet to be confirmed. It should also be noted that 6:7:24 and its 23:28:64 OVC have clearly defined 0-dimensional charge carrier density localization, which implies that both compounds are not only degenerate gapped compounds but also stable inorganic electrides (Note S3). 
Spontaneously Formed Vacancies Enhance Transparency while Reducing Conductivity
The optical properties of a degenerate gapped compound are determined by superposition of interband and intraband transitions ( Figure 8A ). Owing to the occupied CB, the band-to-band transitions can be divided into (I) interband transitions from the occupied valence to unoccupied conduction bands and (II) interband transition from occupied conduction to higher energy unoccupied bands. In the simplified model used here, the intraband transitions can be predicted within the Drude model 35 describing free-electron absorption.
The contribution of the aforementioned different types of transitions to the absorption spectra is illustrated in Figure 8B for BaNbO 3 . Specifically, the interband transitions (I) contribute to the absorption spectra at energies slightly above E g int + DE CB due to the curvatures of the valence and conduction bands. The interband transitions (II) contribute noticeably at energies below those for interband transitions (I) and determine the absorption spectra in the range from 2 to 4 eV. Finally, the intraband contribution determines the low-energy region of absorption spectra. This analysis defines the design principles for good intrinsic TCs that require (1) metals with large internal gaps between the valence and conduction bands to minimize the interband absorption in visible range and (2) a high enough carrier density (n e ) in the CB to provide conductivity, while having (3) a low enough carrier density, limiting the interband transition in the CB and plasma frequency (u p $ ffiffiffiffiffiffiffiffiffiffiffi ffi n e =m p , where m is an effective carrier mass), so that free-electron absorption does not impede the needed optical transparency. Furthermore, (4) the free carriers in the CB above the internal band gap should not destabilize the compound by spontaneously creating Fermi level-induced defects that defeat conductivity.
For the Ba-Nb-O system, the 1:1:3 degenerate gapped compound has the highest plasma frequency (u p = 4.43 eV) among the considered materials which results in strong Drude contribution in the visible light range. Hence, despite high carrier concentration (n e = 1.38 3 10 22 cm À3 ) and stability, the 1:1:3 compound is not TC due to low transparency. Indeed, the 1:1:3 samples have clearly distinct color in experimental studies. 18 At the low vacancy concentration, the effect of the defects on carrier density and optical properties is negligible. However, the increase in Ba or Nb vacancy concentration and formation of OVCs noticeably change the optoelectronic properties via reducing plasma frequency contribution and modifying the material band structure. Although 26:27:81, 9:10:30, and 7:8:24 OVCs have smaller carrier concentrations compared with 1:1:3 compound, the free-electron absorption is still a limiting factor as shown in the example of 7:8:24 OVC ( Figure 8C ). Among the stable degenerate Ba-Nb-O gapped compounds, 3:5:15 and 7:6:21 compounds have the smallest average absorption coefficients in the visible range (highest transparency).
For the Ca-Al-O system, the optical properties of degenerate gapped materials in the visible range in large part are determined by the interband transition from occupied conduction to unoccupied bands. Specifically, for the 6:7:16 compound, the carrier concentration of 2.26 3 10 21 cm À3 results in the averaged plasma frequency of 1.68 eV, which does not induce noticeable free-electron absorption in the visible range. The interband transitions from the valence to the conduction bands are well separated in energy and contribute only above E g int + DE CB , which is over 4.4 eV ( Figure 7C ). Because of this, the absorption in the visible light range is mainly determined by interband transitions in the CB finally resulting in colored material. The Ca vacancy formation removing 2e from the CB per defect not only reduces the plasma frequency but also changes the interband transition, which is illustrated in the absorption spectra of 6:7:16 and its OVCs (see Figure 8D ). In particular, 23:28:64 OVC has the lowest absorption in the visible light range among the considered degenerate gapped compounds.
Stability of OVCs during Growth Is the Knob that Controls Vacancy Concentration and Hence Transparency and Conductivity
We have seen above that different OVCs have a different number of free carriers, absorption, and conductivity. What makes this a useful feature is that each such OVC can be realized in a unique and specific range of atomic chemical potentials that can, in principle, be controlled during growth. This is illustrated in Figure 2A for the Ba-Nb-O system and in Figure 7B for the Ca-Al-O system, whereas Figure 2A) . Because of this and low defect formation energy in degenerate gapped compounds, the further research is required to quantify the sensitivity of sample preparation conditions on the structural/electronic properties of the material. 
Conclusions
The existence of non-stoichiometry in oxides is often thought to be a growth effect rather than a specific electronic instability. However, we demonstrate via first-principles calculations that a degenerate gapped compound with sufficiently large internal gap and Fermi level in the CB can have a characteristically negative cation vacancy formation enthalpy; in other words, spontaneous non-stoichiometry occurs even at low temperatures, intrinsic to the compound (not due to extrinsic effects). 
EXPERIMENTAL PROCEDURES Density Functional Calculations
All spin-polarized calculations were carried out using Perdew-Burke-Ernzerhof functional 36 with DFT+U correction for Nb (U = 1.5 eV) and Ag (U = 5 eV) d-like orbitals as implemented by Dudarev et al. 37 and available in Vienna Ab Initio Simulation Package. 38 Although the DFT+U approach is a simplified self-interaction correction, it appears to describe correctly both reduced ligand states (''trapped holes'') as well as ligands with conventional formal oxidation states, as demonstrated in tests described in literature. 39, 40 It should be noted that the utilization of DFT+U with a larger U value (i.e., U = 3 eV) for Nb d-like orbitals results in incorrect insulating nature of the BaNbO 3 system. The cutoff energies for plane-wave basis were set to 500 and 600 eV for the final static and volume relaxation calculations, respectively. G-centered Monkhorst-Pack k-grids 41 were used in the Brillouin-zone integrations with grid densities of approximately 2,500 and 10,000 per reciprocal atom for volume relaxation and final static calculations. For each system, random atomic displacements within 0.1 Å were applied to avoid trap at a local minimum. The full optimization of lattice vectors and atomic positions was allowed. The results were analyzed using VESTA 42 and pymatgen. Figure 3 , we used only experimentally known stoichiometric crystal structures available in the Inorganic Crystal Structure Database (ICSD) 6 and SpringerMaterial. 44 To predict convex hulls and chemical potential diagrams for Ca-Al-O and Ag-Al-O systems, in addition to the known experimental structures, we included generated OVCs and structures available in the Materials Project 45 database. For the Ba-Nb-O system (Figures 2A and 6A ), we also considered stoichiometries inspired by II-V-O phase diagrams. The O 2 molecule was used as a reference state for the O 2 phase. The ground state compounds found in this work are given in Data S1-S3. We implemented fitted elemental-phase reference energy corrections 46 to correct chemical potentials for elemental reference states.
Optical Spectra
The optical properties ( Figure 8 ) were computed within independent particle approximation. 47 To calculate plasma frequencies and interband transition spectra, Figures 3A, 3C , and 3E) and finite size corrections were computed within the framework described by Lany and Zunger 50, 51 and implemented in the pyladadefects code. 52 For the defect calculations, the ranges of chemical potentials were determined using only experimentally known stoichiometric crystal structures as described above. It should be noted that unlike conventional insulators where the Fermi energy can span the full range of the gap ( Figure 1B) , thus controlling the balance between different charges, if the Fermi energy resides inside a continuum band, as is the case in Figure 1A , it represents the energy to add or remove an electron from the host system, not from point defects in the gap. Thus, the conventional calculation of charged defects versus E F is not meaningful in degenerate gapped materials.
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